Order-topological complete orthomodular lattices  by Erné, Marcel & Riečanová, Zdenka
A!&4 
-T 
__ El!! 
ELSEVIER 
TOPOLOGY 
AND ITS 
Topology and its Applications 61 (199.5) 215-227 
APPLICATIONS 
Order-topological complete orthomodular lattices 
Marcel ErnC a> * , Zdenka RieEanovi ’ 
’ Department of Mathematics, University of Hannover, Welfengarten I, D-30167 Hannover, Germany 
b Department of Mathematics, Electrotechnical Faculty of the Slovak Technical University, Ilkovic’oL:a 3, 
BratislaLja, Slot’ak Republic 
Received 29 December 1992; revised 4January 1994 
Abstract 
A lattice is order-topological iff its order convergence is topological and makes the 
lattice operations continuous. We show that the following properties are equivalent for any 
complete orthomodular lattice L: (i) L is order-topological, (ii) L is continuous (in the 
sense of Scott), (iii) Z_ is algebraic, (iv) L is compactly atomistic, (v) L is a totally 
order-disconnected topological lattice in the order topology. 
A special class of complete order-topological orthomodular lattices, namely the compact 
topological orthomodular lattices, are characterized by various algebraic conditions, for 
example, by the existence of a join-dense subset of so-called hypercompact elements. 
Keywords: Ortho(modular) lattice; Order convergence; Order topology; Order-topological; 
Continuous; Compact; Compactly generated; Atomistic; Totally order-disconnected 
AMS CMOS) Subj. Class.: 03G12, 06C15, 06F30 
Introduction 
In this paper we continue the investigation of order convergence and related 
topologies on orthomodular lattices (OMLs). Our results explain why atomic 
OMLs behave much better than arbitrary ones, not only from the algebraic, but 
also from the topological point of view: the complete atomic and meet-continuous 
OMLs are just the order-topological ones, i.e., those complete OMLs which have 
topological order convergence and form a topological lattice with respect to the 
order topology; in this situation, the orthocomplementation automatically becomes 
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continuous, being a dual automorphism. Moreover, we shall find that these OMLs 
are precisely the algebraic (= compactly generated complete) ones, and that it 
even suffices to postulate continuity in the sense of Scott [15] in order to ensure 
atomicity. This will be achieved by applying earlier results of the first author [6] to 
the blocks, i.e., to the maximal Boolean subalgebras of the given OML (see, e.g., 
[17, Ch. 1, $41). Among other characterizations, we shall find that a complete OML 
is order-topological iff it is a totally separated (and, moreover, a totally order-dis- 
connected) topological lattice in its order topology. 
Important examples of order-topological complete OMLs are supplied by com- 
pact topological OMLs (see Choe and Greechie [3], Pulmannova and RieEanova 
[22-231). However, our theory essentially extends the compact case, because there 
are interesting order-topological complete OMLs which fail to be compact (cf. 
Example 4.3). In contrast to this fact, an order-topological complete Boolean 
algebra is always compact (see [6, Corollary 191). Several purely algebraic charac- 
terizations of compact (order-)topological OMLs will be given in Section 3. 
The noncomplete case is not yet settled entirely, but we are able to establish 
some necessary and sufficient conditions for an OML to have a MacNeille 
completion which is an order-topological (hence atomic) OML. 
1. Topological and algebraic properties of lattices 
If a subset X of a lattice or poset L has a join (least upper bound), this will be 
denoted by V X; dually, A X denotes the meet (greatest lower 
accordance with [6,13,14,19], we define order convergence of 
follows. For any filtercbase) 9 on L, put 
bound) of X. In 
filters on L as 
F’= U{Y': YEF} and FT, = U(Yl: YEF} 
where Y f denotes the set of all upper bounds and Y, denotes the set of all lower 
bounds for Y. Then we say y order converges or o-converges to x if x = V FL = 
A F f. The order topology TV is the finest topology T on L such that o-conver- 
gence implies r-convergence. The following explicit description of the order 
topology can be found in [8, Theorem OS] or in [14, Theorem 4.61. 
Lemma 1.1. A subset U of a lattice L is open in T, iff for each directed subset Y of L 
and for each filtered (i.e., down-directed) subset Z of L with V Y = A Z E U, there 
exist elements y E Y and z E Z such that the whole interval [ y, zl = 1.x E L: y d x Q z) 
is contained in U. 
From this characterization it is evident that r0 is always finer than the interval 
topology TV, the coarsest opology such that every principal filter [ y>, every principal 
ideal (z] and, consequently, every interval [y, z] is closed. The following facts on 
the interval topology are well known (see, for example, [14,2.4-2.61): 
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Lemma 1.2. (1) An ultrafilter on a lattice o-conuerges to a point iff this point is the 
unique r$imit of the ultrafilter. Hence, if the interval topology is T2 then it coincides 
with the order topology. 
(2) The interval topology of a lattice L is compact iff L is complete. 
Now let us turn to some important algebraic properties of lattices. We empha- 
size that no a priori completeness assumption is made in the subsequent general 
considerations. A lattice L is called meet-continuous (cf. [2,81) or upper continuous 
(cf. [5]) if every ideal Y of L possessing a join enjoys the distribution law 
XA VY= V{xr\y: YEY} (XEL). 
Join-continuous lattices are defined dually, and if both continuity properties are 
satisfied, we shall speak of o-continuous lattices, because they may be character- 
ized by continuity of the lattice operations with respect to o-convergence (see [6, 
Proposition 51 or [8, Theorem 2.141); furthermore, o-continuity is also equivalent o 
continuity of the unary operations v y : x - x v y and A y : x ++ x A y with respect 
to the order topology. However, r,-continuity of the binary operations V and A is 
stronger than o-continuity (see below). We also note that a lattice is meet-continu- 
ous iff for each ideal .I possessing a join and for each element x < V J, there is an 
ideal ZcJ with x= VI. 
A stronger type of “continuity”, due to Scott, is defined as follows (cf. [6,15]). A 
lattice L is called S-continuous (in [lo]: s,-continuous) if each element x of L is 
the join of its way-below ideal, that is, the intersection of all ideals possessing ajoin 
above x. By the remark at the end of the previous paragraph, every S-continuous 
lattice is meet-continuous. Elements which belong to their own way-below ideal 
are called compact. Equivalently, an element y of an arbitrary lattice L is compact 
iff for each subset X of L possessing a join with y G V X, there is some finite 
subset F of X with y < V F. The complete S-continuous lattices are just the 
continuous lattices in the sense of Scott, but we avoid the latter terminology in 
order to prevent confusion with von Neumann’s definition of continuous lattices, 
i.e., complete o-continuous lattices. 
A subset Y of a lattice L is join-dense if for any two elements x, z EL with 
x X t, there is some y E Y with y <x but y C z. Thus Y is join-dense in L iff each 
element of L is a join of elements from Y. Meet-density is defined dually. A lattice 
L is said to be compactly generated if the set of all compact elements is join-dense 
in L. Similarly, L is atomistic if the set of all atoms is join-dense in L, and L is 
compactly atomistic if the set of all compact atoms is join-dense in L (and 
consequently, every atom of L is compact). Thus, without any completeness 
assumptions, we have the implications 
compactly atomistic * compactly generated ==) S-continuous =. meet-continuous 
but none of these implications can be inverted in general. However, for atomistic 
lattices all four properties are equivalent, because atoms of meet-continuous 
lattices are compact. 
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A topological lattice is a lattice endowed with a topology making the binary 
operations of join and meet continuous, while in a semitopological lattice, only 
continuity of the unary operations V y and A y is required. Thus a lattice L is 
o-continuous iff (L, T,) is a semitopological (but not necessarily a topological) 
lattice. For example, the complete Boolean lattice of all regular open subsets of 
the real line fails to be a topological lattice in its order topology, though being 
o-continuous (see [ 13, Corollary 4.111). 
By an order-topological lattice we mean a topological lattice whose topological 
filter convergence agrees with order convergence (here we get the Hausdorff 
separation property for free because order limits are unique). Thus a lattice is 
order-topological iff it is o-continuous and has topological order convergence. 
From [6, Theorem 21, we cite: 
Theorem 1.3. A lattice L is order-topological iff L and its dual are S-continuous. 
For later purposes, we add some statements concerning the relativization of 
order convergence and order topology; these facts belong to the folklore of 
topological lattice theory. The proof is straightforward. 
Lemma 1.4. A sublattice S of a complete lattice L is closed in the order topology and 
contains the universal bounds 0, 1 iff S is subcornplete, i.e., closed in L under the 
formation of arbitrary joins and meets. In this case, the following relativization 
properties hold: 
(1) Order convergence on S is inherited from order convergence on L. 
(2) The order topology on S is induced from the order topology on L. 
(3) If order convergence is topological on L then also on S. 
(4) If L is order-topological then so is S. 
Remarks. At several places in Birkhoffs Lattice Theory [2], the term “topological 
lattice” means “o-continuous lattice”. Since in that monograph, no distinction is 
made between order convergence and convergence in the order topology, some 
statements like “Any complete Boolean lattice is a topological lattice under order 
convergence” are a bit misleading (recall the aforementioned example of a non- 
topological complete Boolean lattice). It is a rather surprising matter of fact that in 
all nonatomic Boolean algebras, order convergence differs from convergence in 
the order topology (see [6, Theorem 41). 
Second, it should be noted that even a complete orthomodular lattice with 
topological order convergence need not be o-continuous (see Example 4.1). How- 
ever, any lattice with topological order convergence is “locally o-continuous” in the 
following sense: if I and J are ideals with x = V I = V J then also x = V(Z A J) 
= V(Z nJ>, and dually (see [14, Corollary 4.21). 
Third, a few additional comments concerning net-theoretical convergence are in 
order. If a net order converges (in the sense of Birkhoff [2, Ch. Xl) to some point 
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in a lattice L then so does the associated filter, but not conversely, unless L is 
complete. For example, in the atomic (hence order-topological) Boolean algebra of 
all finite or cofinite subsets of a fixed uncountable set, no sequence of atoms 
(= singletons) order converges to 0, although the corresponding filter does and, 
consequently, the sequence converges to 0 in the order topology (cf. Example 4.2). 
This example also disproves the claim in [2, p. 2441 that order convergence of nets 
in an arbitrary lattice or poset would be obtained by relativization from the 
MacNeille completion. 
In the setting of complete lattices, however, the passage between nets and filters 
is unproblematic. For example, in a statement like “order convergence is topological 
(hence identical with convergence in the order topology)“, it does not matter whether 
we refer to filters or to nets, provided we are dealing with complete lattices. 
Moreover, a complete lattice is order-topological in the language of filters iff it is 
order-topological in the language of nets. But, unfortunately, this holds no longer 
for noncomplete lattices, as the above example shows. 
Finally, we should mention one positive observation concerning filters and nets 
on arbitrary (possibly noncomplete) lattices: the order topology r0 is not only the 
finest topology such that order convergence of filters implies r-convergence, but 
also the finest topology r such that order convergence of nets implies r-conver- 
gence (see [8, Theorem 0.41). 
2. Order convergence and topologies on orthomodular lattices 
After these rather general preliminaries, let us focus on more specific types of 
lattices. Recall that an ortholuttice is a lattice together with a self-inverse dual 
automorphism L such that X’ is always a complement of x (for this, it suffices to 
postulate x L & x unless x is the greatest element). Clearly, for ortholattices, join-, 
meet- and o-continuity are equivalent properties. By Theorem 1.3, an ortholattice 
is S-continuous iff it is order-topological. 
If Y is a join-dense subset of an ortholattice L then 
Y’={y’: YEY} 
is a meet-dense subset of L. We define a topology ry on L by declaring the 
principal filters 
[y) ={xEL: x&y} 
and the principal ideals 
(y’] ={xEL: x<yl} 
with y E Y as subbasic open sets for or. Notice that ry is the weakest topology on 
L making the sets [ y) for y E Y open and the dual automorphism L continuous. 
An ordered topological space is totally order-disconnected iff for any two points 
n, y with x 6 y, there exists a clopen upper set U containing x but not y (where U 
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is an upper set iff u E U implies [u) c U). Clearly, any such space is totally 
disconnected and T,. 
Our first result on ortholattices actually holds for arbitrary lattices possessing a 
dual automorphism (see [12, Proposition 3.3 and Theorem 3.41). 
Proposition 2.1. The following conditions on a subset Y of an ortholattice L are 
equivalent : 
(a) Y is join-dense and consists of compact elements. 
(b) The space (L, ry) is totally order-disconnected, and 7y is coarser than TV. 
(c) T,-convergence agrees with order convergence. 
(d) ry b the order topology. 
Henceforth L denotes an orthomodular lattice (OML), that is, an ortholattice 
satisfying the orthomodular law 
x>y*x=yV(xAyl), 
and A denotes the set of all atoms of L. (In [24-261 and related papers, the 
corresponding topology TV is denoted by TV). We are now prepared for the main 
result: 
Theorem 2.2. The following statements on a complete orthomodular lattice L are 
equivalent : 
(a) L is meet-continuous and atomic. 
(b) L is compactly atomistic. 
(c) L is compactly generated. 
(d) L is S-continuous. 
(e) L is order-topological. 
(f) L is meet-continuous, and each block of L is atomic, hence a power set lattice. 
(g) TA-convergence agrees with order convergence. 
(h) rA is the order topology. 
Proof. (a) implies (b) since every atomic OML is already atomistic (cf. [17, p. 1401). 
The implications (b) * (c) * (d) are clear. For (d) CJ (e), see Theorem 1.3. 
The equivalence of (b), (g) and (h) has been established in Proposition 2.1. 
Condition (f) implies (a) since a is an atom in L iff a is an atom in some block 
of L (see [17, p. 391). Hence it remains to prove the implication (e) * (f). 
As remarked earlier, order-topological attices are meet-continuous. We use the 
fact that any block of a complete OML is subcomplete (see [17, pp. 28 and 391). 
Hence, by Lemma 1.4, each block B is an order-topological Boolean lattice, and by 
16, Theorem 41, this forces B to be atomic, hence isomorphic to the power set of its 
atoms. 0 
Notice that the completeness assumption has been used at one step only, 
namely in order to guarantee that the order convergence (and consequently, the 
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order topology) of each block is obtained by relativization. We do not know 
whether this is true for arbitrary OMLs, though even in noncomplete OMLs, 
blocks are closed under all existing joins and meets. 
However, it is possible to establish several natural and purely algebraic criteria 
for a lattice to have a MacNeille completion which is an order-topological OML. 
Basic for this purpose is the study of completion-invariant properties, i.e., properties 
that are satisfied by a lattice or poset iff they hold for its MacNeille completion (cf. 
[7,11]). Unfortunately, the orthomodular law is not completion-invariant (see [l]). 
But, combining it with certain other algebraic postulates, we arrive at the desired 
completion-invariant notions. Thus we strengthen the continuity properties of 
Section 1 and call a lattice L strongly meet-continuous if for each ideal J and each 
x E J[ , there is an ideal I c J with x = V I. The strong way-below ideal of an 
element x E L is the intersection of all ideals J with x E Jl ; a Iattice is strongly 
S-continuous (s,-continuous in [lo]) if each element is the join of its strong 
way-below ideal. Similarly, an element is strongly compact if it belongs to its strong 
way-below ideal, and a lattice is strongly compactly generated if the strongly 
compact elements form a join-dense subset. It is not hard to verify that each of the 
previously defined strong properties is completion-invariant, implies the corre- 
sponding weak property, and coincides with the latter on complete lattices (for 
details, see [7,9,11]). Moreover, a lattice is strongly S-continuous iff it is both 
S-continuous and strongly meet-continuous. These facts lead to the announced 
extension of Theorem 2.2 to the noncomplete case. 
Corollary 2.3. The following statements on an arbitrary orthomodular lattice L are 
equivalent: 
(a) L is strongly meet-continuous and atomic. 
(b) L is strongly compactly atomistic. 
Cc) L is strongly compactly generated. 
(d) L is strongly S-continuous. 
(e) L is strongly meet-continuous and order-topological. 
(f) The MacNeille completion of L is an order-topological (and orthomodular) 
lattice. 
For the implication (b) =$ (fl, see 125, Theorem 3.41 and 127, Theorem 3.31. 
By a famous theorem due to Kaplansky [18] (see also [17, $1711, every complete 
modular ortholattice is an o-continuous OML. Thus, in this case, Theorem 2.2 
amounts to: 
Corollary 2.4. For a complete modular ortholattice L, the following conditions are 
equivalent: 
(a) The greatest element of L is a join of atoms. 
(b) L is atomi(sti)c. 
Cc) L is compactly generated. 
222 M. Em;, Z. RieCanoua’/ Topology and its Applications 61 (1995) 215-227 
(d) L is S-continuous. 
(e) L is order-topological. 
(f) L is geometric. 
For the equivalence of (a>, (b) and cc), see [5, 4.31. The term “geometric” is here 
used in the sense of Gratzer [16, IV-31, namely for compactly atomistic, semimodu- 
lar complete lattices, while Birkhoff refers to these as “atomic matroid lattices” 
and reserves the term “geometric lattices” for semimodular atomistic lattices of 
finite height (see [2, Ch. IV and VIII] and [5, Ch. 141). Notice also that in [2], 
“atomic” means “atomistic”. 
We know from Proposition 2.1 and Theorem 2.2 that any compactly atomistic 
complete OML is a totally order-disconnected topological lattice in its order 
topology. Now we are going to prove a strong converse of that implication. Recall 
that in an arbitrary topological space, the quasicomponent of a point x is the 
intersection of all clopen sets containing x, and that the space is called totally 
separated if every quasicomponent is a singleton; in other words, if any two distinct 
points may be separated by a clopen set. Clearly, total order-disconnectedness 
implies total separatedness, which in turn implies total disconnectedness; and it is 
well known that for compact topological lattices, all three properties are equivalent 
to zero-dimensionality (+ T,). There is a close connection between such strong 
topological separation properties and the algebraic properties of atomicity and 
compact generation (see [12] for a thorough investigation of similar phenomena in 
general lattices). 
Proposition 2.5. If an element x of a complete orthomodular lattice L has a r,-clopen 
neighborhood disjoint from 0 then (xl contains an atom; the converse is true if L is 
o-continuous. Hence, in an o-continuous complete orthomodular lattice, the quasi- 
component of 0 with respect to the order topology is the union of all atomless 
principal ideals. 
Proof. Suppose x E U for some r,-clopen set U c L\{O}. By Lemma 1.1, U is 
closed under filtered meets, and by Zorn’s lemma, it has a minimal element u. Let 
B be a block containing u, yet assume that (u] n B would not contain any atom of 
B. Then we could select a sequence (x,) of pairwise orthogonal nonzero elements 
in (u] n B as follows. Choose x0 E B with 0 <x0 < u, and suppose there have been 
found x0,. . . , X,EB withO<x,<x,l A *.. ~x,‘_,~u;thenO<y,=x,l A ... A 
x,‘- AU by the orthomodular law. As yn belongs to the subalgebra B but is not an 
atom, we find an element x,, 1 E (u] n B with 0 <x,+i < y,. Obviously, the 
elements x, obtained in this way are pairwise orthogonal. But any sequence of 
pairwise orthogonal elements in a complete Boolean algebra order converges to 0. 
Hence, by completeness and o-continuity of B, the sequence (x,’ AU) order 
converges to u E U n B. But since U n B is open in the order topology of B (the 
latter being induced by the order topology of L; cf. Lemma 1.41, some x,’ AU 
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must be a member of U n B, contradicting the hypothesis that u is minimal in 
U n B and x,’ A u < U. Hence (u] fl B must contain an atom of B which is then 
also an atom of L. 
Conversely, if L is o-continuous and a is an atom in (xl then a is compact, and 
consequently [a) is a r,-clopen neighborhood of x disjoint from 0. 
The second part of the proposition is merely a reformulation of the first. 0 
Corollary 2.6. For any complete orthomodular lattice L, the conditions in Theorem 
2.2 are equivalent o each of the following statements: 
(i) (L, 7,J is a totally order-disconnected (semi)topological lattice. 
(i) (L, r,) is a totally separated (semibopological lattice. 
(k) (L, r,) is a (semi)topological lattice whose least element constitutes a quasi- 
component. 
Proof. By Proposition 2.1, the conditions (e> and (h) of Theorem 2.2 together imply 
(i); the implications (i) * (i) * (k) are trivial, and (k) implies (a> of Theorem 2.2, by 
Proposition 2.5. Recall that o-continuity of L is equivalent o saying that CL, 7,) is 
a semitopological lattice. 0 
3. Compact topological orthomodular lattices 
Various results on compact topological OMLs (see, e.g., [3,22]) are easy conse- 
quences of Proposition 2.1 and Theorem 2.2, once one has checked that such 
lattices must be complete and order-topological. A convenient way to the latter 
conclusion is to prove atomicity by passing to the blocks and using known facts on 
Boolean algebras (see [3, Corollary 21); then [25, Theorem 2.31 applies. A slightly 
different (and less elementary) approach would be to argue that any compact 
topological OML must be totally disconnected (see [3, Lemma 31) and then to 
invoke the Fundamental Theorem on Compact Totally Disconnected Semilattices 
(see [15, VI-3.131) which guarantees that the OML in question is algebraic, hence 
order-topological, by Theorem 2.2. However, the known proofs of total disconnect- 
edness involve, as a first step, the verification of atomicity. Choe and Greechie 
have shown that even every locally compact and locally convex topological OML is 
totally disconnected (see [41X But, in contrast to the compact case, the topology of 
such a topological OML is not uniquely determined in general. 
Frequently, topological orthomodular lattices are assumed to satisfy the Haus- 
dorff separation axiom (see, e.g. [22,27]). We shall see below that this is a rather 
mild restriction: indeed, it will suffice to postulate closedness of one single 
element. A similar phenomenon is well known from group theory: a topological 
group having one closed element is already Hausdorff. Since Boolean algebras may 
be regarded as Boolean rings, it is not surprising that the same situation holds for 
topological Boolean algebras (see [13, Corollary 4.91). The orthomodular case, 
however, is not so obvious. 
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In what follows, we mean by a topological orthomodular lattice an OML 
equipped with a topology (not necessarily Tz) making the orthocomplementation 
and the lattice operations continuous. It suffices to postulate continuity of one 
lattice operation, because either of them can be expressed in terms of the other 
and orthocomplementation. 
Proposition 3.1. If CL, r) is a topological orthomodular lattice with at least one 
closed singleton then its topology r is T2 and finer than rA. Moreover, for x g y, 
there exists an open upper ( = increasing > set U containing x and a disjoint open lower 
( = decreasing ) set I/ containing y . 
Proof. If a singleton {b] is closed then so are the sets (bl], (b], (b ‘1, and 
(b] n (b “I = {O}, by continuity of the operations of join and compIementation. If a 
is an atom then [a> = A ; ‘[L \{O)] and (a ‘I= [a) I are r-open, whence TV c_ r (cf. 
[3, Lemma 41). 
Now assume x 6 y. Then we have z = x A y <x, and by the orthomodular law, 
x A z 1 f 0. Hence L \ {O} is an open neighborhood of x A z I, and we find open 
sets T, W such that x E T, z 1 E W, and T A W c L\(O). Moreover, we may 
assume that T and W are upper sets, since f T = U ( A ; ‘[T]: s E L] and f W are 
again open, and 0 $5 t T A t W. Then I/ = A ; ‘[ W ‘I is an open lower set contain- 
ing y(indeed, XAY=ZE W’, andu<vEVimpliesxAugxAvEWl,hence 
xAuEW’ and u E V). Finally, using continuity of the binary meet once more, 
we may choose an open upper set U with x E U and U A U G T. Then U does not 
meet V, because otherwise, v E U n V would entail x A v E T n W I, which leads 
tothecontradictionO=x~vA(xAv)~ETAW~L\{O]. 0 
A related result was obtained by Choe and Greechie in [3, Lemma I]: Zf a 
topological orthomodular lattice has at least one isolated point then it is discrete. 
We call an element y of a lattice hypercompact (cf. [12]) if the complement of 
[ y) is a finite union of principal ideals. Of course, this entails (strong) compactness 
of y. A lattice is hypercompactly generated if its hypercompact elements form a 
join-dense subset. 
Lemma 3.2. In an atomic OML, an atom a ik hypercompact iff the set N, = {b EA: 
a 6 b ‘] is finite. 
Proof. If this is the case then the equation L \[a> = U{(b ‘I: b E NJ yields 
hypercompactness of a. Conversely, if L \ [a) = IJ Kc]: c E F) for some finite set 
F CL then we may assume that each c E F is a coatom, by coatomicity of L; but 
then each atom b with a & b’ must coincide with some cl. 0 
In [241, an atomic OML has been called almost orthogonal if each atom has the 
above property equivalent to hypercompactness. 
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The next theorem provides various characterizations of compact T,-topological 
OMLs, including some of the results from [3, 22-271. 
Theorem 3.3. The following statements on an orthomodular lattice L are equivalent: 
(a) L is complete and hypercompactly generated. 
(b) L is complete, atomic and almost orthogonal. 
(c) L is complete, meet-continuous, and the interval topology is T,. 
(d) L is complete, and ri = rC = rA. 
(e) rA is a compact topology such that all intervals are closed. 
(f) L is a compact order-topological lattice. 
(g) (L, r) is a compact topological OML for some TI (T,, T3, TJ topology r. 
If such a topology exists then the space (L, r) is totally order-disconnected, and 7 
agrees with each of the topologies ri, r, and rA. 
Proof. The equivalence of (a) and (b) is clear by Theorem 2.2 and Lemma 3.2. 
The implications (e> * (a) * (c) and (d) + (e) * (f) hold in arbitrary lattices, as 
shown in [12, Theorem 3.131. 
(c) j (d): By Lemma 1.2 (11, one has ri = rO. Using relativization to the blocks 
and known facts on Boolean lattices, one shows that a complete OML with T2 
interval topology is atomic (see [6, Theorem 41 or [28, p. 751). Hence rO agrees with 
rA, by Theorem 2.2. 
(f) 3 (8): This is clear because orthocomplementation is always r,-continuous. 
(g) 3 (d): By Proposition 3.1, the topology r is T2. Now an application of [25, 
Theorem 2.31 or [23, Lemma 2.11 yields the equation r = ri = r0 = rA. 
In all, we have established the following implication circle: (a) * (c) = (d) * (e) 
~(f)~(g)~(d)~(e)~(a). 0 
The completeness assumptions in Theorem 3.3 can be bypassed via the Mac- 
Neille completion (cf. [23, Theorem 1.11): 
Corollary 3.4. The following statements on an orthomodular lattice L are equivalent: 
(a) L is hypercompactly generated. 
(b) L is atomic and almost orthogonal. 
(c) L is meet-continuous, atomic, and the interval topology is T2. 
(d) The MacNeille completion of L is a compact T, (T,, totally disconnected) 
OML. 
4. Examples 
Let us conclude our study with a few instructive examples, making the position 
of the previous results more precise. 
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Example 4.1. Let L be the horizontal sum of two atomic (complete) Boolean 
algebras B, and B, with more than two elements; thus L is the disjoint union of 
B, and B, with identified greatest and least elements, respectively. Then L is an 
atomistic (complete) OML which is not o-continuous, hence not order-topological 
unless L is finite. Furthermore, order convergence of filters is topological on L if 
and only if B, or B, is finite. In fact, if, say, B, is finite then each x E B, \(O, 1) is 
an isolated point in the order topology on L (see Lemma l.l), while the points of 
B, have open neighborhood bases of intervals [y, z] where y is a finite join of 
atoms and z is a finite meet of coatoms in B,. As B, is finite, these (co)atoms are 
not only (co)compact in B, but also in L. By [14, Corollary 4.131 this ensures that 
order convergence of filters is topological on L. On the other hand, if both B, and 
B, are infinite then the filterbases consisting of all principal dual ideals generated 
by compact elements of B, and B,, respectively, order converge to the greatest 
element of L, while the intersection of the corresponding filters does not. Hence 
order convergence cannot be topological (cf. [6, Examples 4 and 51). 
Example 4.2. Let CL,: i E I) be any family of finite OMLs with discrete topologies. 
The direct product L = ni l ILi with componentwise lattice operations and ortho- 
complementation is then again a complete OML. Equipped with the product 
topology, L is a compact order-topological OML, and so is every subcomplete 
OML of L (see Lemma 1.4). Let S denote the sub-OML of L consisting of all 
finite or cofinite elements, i.e., finite joins of atoms or finite meets of coatoms. If Z 
is infinite then S is not complete but still atomic and order-topological; in 
particular, order convergence of filters is topological on S; but if Z is uncountable, 
order convergence of nets is not topological on S (see [27, Example 4.11). 
Example 4.3. Let H be a real Hilbert space, and let L be the atomic complete 
OML of all closed linear subspaces of H. If H is finite-dimensional then L is an 
order-topological OML with discrete, hence noncompact order topology. On the 
other hand, if H is of infinite dimension then L is not even meet-continuous. In 
fact, the following statements are equivalent: 
(a) H is unite-dimensionul. 
(b) For ail X, YE L, X + Y is closed (hence the join of X and Yin L). 
Cc> The atoms of L are compact. 
(d) L is compactly generated. 
(e> L is S-continuous. 
(f) L is order-topological. 
(g) L is meet-continuous. 
(h) L is modular. 
The implication chain (a> * (cl * (d) - (e) * (f) 2 (g) * (c) is clear. For the 
equivalence of (a), (bl and (h), see [17, p. 681. For (cl = (b), observe that any 
y E (X v Y 1 \ (X + Y > generates a subspace that is a noncompact atom of L, since 
XV Y is the join of the directed set of all finite-dimensional (hence closed) 
subspaces of X + Y. 
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